We consider (2, 0) theory on a manifold M 6 that is a fibration of a spatial S 1 over some five-dimensional base manifold M 5 . Initially, we study the free (2, 0) tensor multiplet which can be described in terms of classical equations of motion in six dimensions. Given a metric on M 6 the low energy effective theory obtained through dimensional reduction on the circle is a Maxwell theory on M 5 . The parameters describing the local geometry of the fibration are interpreted respectively as the metric on M 5 , a non-dynamical U(1) gauge field and the coupling strength of the resulting low energy Maxwell theory. We derive the general form of the action of the Maxwell theory by integrating the reduced equations of motion, and consider the symmetries of this theory originating from the superconformal symmetry in six dimensions. Subsequently, we consider a non-abelian generalization of the Maxwell theory on M 5 . Completing the theory with Yukawa and φ 4 terms, and suitably modifying the supersymmetry transformations, we obtain a supersymmetric YangMills theory which includes terms related to the geometry of the fibration. * hampus.linander@chalmers.se †
Introduction
The six-dimensional (2, 0) theory [1, 2] has been a subject of much interest recently, in particular through its interpretation as the world volume theory of multiple M5-branes and the progress towards a better understanding of various brane configurations in M-theory. In [3] the connection, through dimensional reduction on a circle, with supersymmetric Yang-Mills theory in five dimensions is discussed for the case of a six-dimensional manifold that is a direct product of S 1 and five-dimensional Minkowski space-time. Recent work exploring this connection between (2, 0) theory and supersymmetric Yang-Mills theory in five dimensions includes [4, 5, 6, 7, 8, 9, 10] . In the present paper we consider, along the lines of [11] , the generalization of the above geometry to a general circle fibration M 6 → M 5 for the free theory of the (2, 0) tensor multiplet [12] . We also consider a non-abelian generalization of the Maxwell theory and construct a candidate for the interacting (2, 0) theory on M 5 , which cannot be directly obtained by dimensional reduction.
The self-duality of the tensor three-form field strength makes a Lagrangian description problematic, but the tensor multiplet possesses a classical description in terms of equations of motion. The low energy effective theory obtained in the dimensional reduction on the S 1 fibre is a Maxwell theory on M 5 describing an abelian gauge field, five scalars and four spinors satisfying appropriate reality conditions. The coupling strength of the gauge theory, given by the square root of the radius of the S 1 , is a function on the base manifold of the fibration. Furthermore, the U(1) subgroup of diffeomorphisms of M 6 , corresponding to reparametrizations along the circle, gives rise to an additional non-dynamical abelian gauge field (the connection on the U(1) bundle M 6 over M 5 ) coupled to the gauge theory. In five dimensions it is possible to integrate the equations of motion to obtain an action describing the complete gauge theory, which we derive for a generic metric on M 6 . In particular, the action contains terms including the U(1) field strength and the gradient of the radius in addition to the topological term for the gauge fields discussed in [11] .
The theory of the (2, 0) tensor multiplet depends only on the conformal structure of M 6 , i.e. the equations of motion are covariant under a Weyl rescaling of the metric and simultaneous rescalings of the fields according to their conformal weight. A consequence of this conformal symmetry in six dimensions is that the gauge theory on M 5 obtained by the reduction is invariant under the corresponding simultaneous conformal rescalings of the five-dimensional metric, the dynamical fields and the (varying) coupling strength parameter.
When the manifold M 6 admits conformal Killing spinors the theory in six dimensions is also supersymmetric at the level of the equations of motion. (That is, the set of solutions to the equations of motion is closed under supersymmetry transformations.) In this case the same is true also for the five-dimensional theory. Furthermore, the action on M 5 is invariant under the same supersymmetry transformations as the equations of motion. In principle (if not in practice) this is a non-trivial feature since it extends the supersymmetry from its stationary points to the full action functional. Of course, the conformal symmetry of the tensor multiplet theory persists regardless of the existence of non-trivial conformal Killing spinors on M 6 . We will, as previously mentioned, consider the reduction on arbitrary circle fibration, which implies that generically the six-dimensional theory will not be supersymmetric.
It is possible to generalize the abelian theory on M 5 to a non-abelian gauge theory by covariantizing the action and adding interaction terms. Including the ordinary Yukawa coupling and quartic scalar self-interaction of ordinary supersymmetric Yang-Mills theory produces a theory on M 5 that is invariant under the same generalized conformal symmetry as in the abelian case. Furthermore, when the ordinary non-linear term in the fermionic supersymmetry variation is included, the non-abelian gauge theory is supersymmetric whenever M 5 admits non-trivial solutions to the dimensionally reduced conformal Killing spinor equation, providing a non-trivial check of the construction.
The paper is organized as follows: In section 2 we consider the properties, in particular the superconformal symmetry, of the (2, 0) tensor multiplet theory in six dimensions. As is well known, the self-dual three form field does not admit a Lagrangian description (without the introduction of auxiliary fields [13, 14] ) and we will thus only consider H at the level of equations of motion. The scalar and spinor of the tensor multiplet, however, can be described using action functionals. In section 3 we discuss the details of the spatial circle fibration and give explicit expressions for various geometrical quantities. We also describe how the Clifford algebra and spinors in six dimensions are decomposed with respect to the fibration. Subsequently, in section 4 we perform the dimensional reduction and obtain Maxwell theory as the low energy effective theory in five dimensions. We also construct an action corresponding to the equations of motion of this theory and consider its properties under conformal rescalings and supersymmetry transformations in five dimensions. Finally, in section 5, we consider extending the supersymmetric Maxwell theory to a non-abelian supersymmetric Yang-Mills theory by adding interaction terms.
Abelian (2, 0) theory in six dimensions
In this section we review some aspects of the starting point for our consideration: The free tensor multiplet of (2, 0) theory on a six-dimensional manifold M 6 with local coordinates y M , where M = 0, 1 . . . , 5. The abelian (2, 0) theory depends only on the conformal structure on M 6 , i.e. on the conformal class of the metric G M N defined by the equivalence relation
for some arbitrary function σ(y), the coordinate dependence of which will be left implicit below. The invariance of the theory under G M N → e −2σ G M N require suitable rescalings of the fields of the abelian multiplet which are discussed below. In addition to the conformal rescaling symmetry, there is a global R-symmetry group
Associated to the fundamental representation 4 of this group there is a symplectic metric M αβ , where α and β are spinor indices in the 4 representation. Details on this symplectic structure are provided in the appendix. The manifold M 6 will generically have non-vanishing curvature and in order to describe spinor fields we will therefore need to introduce the vielbein E
The tensor multiplet
The field content of the abelian theory is a real three-form tensor field H, a scalar Φ αβ and a positive chirality space-time spinor field Ψ α . The spinor and scalar fields transform respectively in the fundamental 4 representation and the 5 vector representation of the USp(4) R-symmetry. We will use the description of the fundamental representation as a spinor of Spin(5) and the vector representation as an antisymmetric bispinor which is traceless with respect to M αβ . Further details regarding the symplectic transformation and reality properties of the fields are given in the appendix, where we also describe our conventions for Lorentz spinors in both 4 + 1 and 5 + 1 dimensions.
The tensor field transforms trivially under R-symmetry and is closed and selfdual, i.e. it satisfies the equations of motion
where the subscript G on the Hodge dual indicates the six-dimensional metric. Both equations are conformally invariant by virtue of the metric independence of dH = 0 and the determinant factor √ −G in the definition of the Hodge dual. The condition that H be closed can be viewed as a consequence of it being the field strength of a two-form abelian gauge field B. However, for the purpose of the considerations of the present paper it is sufficient to consider only the three-form H, in which case dH = 0 is considered as an equation of motion 2 . As mentioned in the introduction there is no Lagrangian description of the self-dual tensor field in six dimensions.
The scalar Φ αβ satisfies the symplectic reality condition (Φ αβ ) * = Φ αβ and the equation of motion G 5) whereR is the curvature scalar of the metric G M N and∇ M is the covariant derivative on M 6 . In d dimensions, this equation transforms covariantly under a conformal rescaling of the metric and a simultaneous transformation Φ αβ → e 2σ Φ αβ of the scalar field, provided that 6) where in the last step we have inserted d = 6. In contrast to the three-form, there is a Lagrangian description for the scalar; the equations of motion follow from the action
which is real and invariant under Lorentz transformations, symplectic transformations and conformal rescalings. Finally, as mentioned above, the fermionic degrees of freedom of the tensor multiplet are contained in a positive chirality spinor Ψ α of the local Lorentz group. The spinor also satisfies a symplectic Majorana condition
where B (6) is related to the charge conjugation matrix in six dimensions. The equation of motion for the spinor is the ordinary Dirac equation
where the curved space-time index Γ-matrices Γ M = Γ A E M A are obtained using the vielbein as usual and the covariant derivative acting on the spinor Ψ α is given bŷ σ Ψ α , and may be obtained as the stationary point of the action
Using the reality properties of symplectic Majorana bilinears given in the appendix one verifies the hermiticity of this conformally invariant action functional, which is also a Lorentz and USp(4) scalar. Finally, we note that Ψ α describes eight fermionic on-shell degrees of freedom, matching the number of bosonic ones (five for the scalar Φ αβ and three for the tensor field H) as required for supersymmetry. It should be emphasized that the absence of a Lagrangian formulation implies that our treatment of the tensor multiplet through its equations of motion is strictly classical. (It is possible to construct a Lagrangian for the self-dual tensor field through the introduction of an auxiliary scalar field [13, 14] . However, a path integral quantization using such a Lagrangian appears to be problematic and we will refrain from considering the quantum theory in this paper.)
Supersymmetry of the tensor multiplet
We now turn our attention to the supersymmetry variations of the (2, 0) tensor multiplet fields, given by
12)
where the parameter E α is a symplectic Majorana spinor of negative chirality in the 4 of USp(4). The variations δH M N P , δΦ αβ and δΨ α satisfy the same equations of motion as the original fields if (2.4), (2.5) and (2.9) are imposed and the parameter E α satisfies the conformal Killing spinor equation σ E. The existence of non-vanishing E satisfying the (2.15) imposes a non-trivial condition on the geometry of the manifold M 6 . In order to have (2, 0) supersymmetry we must consequently restrict our attention to manifolds for which the kernel of the operator P M is non-trivial.
Spatial circle fibrations
We now proceed to consider the case where M 6 is a fibration of S 1 over some fivedimensional base manifold M 5 of Lorentzian signature. Thus the curved vector index in six dimensions is split according to M = (µ, ϕ), where µ = 0, . . . , 4. We will allow ourselves to abuse the notation slightly by introducing x µ = y µ and ϕ = y ϕ . Here, ϕ is the local coordinate along the S 1 fibre, while x µ parametrize the base manifold M 5 . We will adopt the convention that the range of the periodic S 1 coordinate is 0 ≤ ϕ < 2π. In the following section we will consider the dimensional reduction of the theory of the (2, 0) tensor multiplet on the S 1 to a (supersymmetric) Maxwell theory on M 5 . The present section sets the stage for this reduction by investigating the various consequences of the specialization to a geometry in six dimensions that is a circle fibration.
Geometry of the fibration
The most general form of the metric on M 6 with the above decomposition is
The fact that M 6 can be described as a U(1)-bundle over M 5 implies the existence of an isometry along the S 1 and consequently the coefficient functions of (3.1) are all independent of the coordinate ϕ. Thus, g µν (x) can be interpreted as the metric on M 5 , r(x) as the radius of the S 1 fibre and the vector θ µ (x) as an angular parameter. The special case when ∂ µ r = 0 and θ µ = 0 is referred to as the product metric. For generic r(x) and θ µ (x) we can read of the component expressions for the decomposition of the metric
and its inverse
In analogy with the curved index M, the flat vector index is split according to A = (a, 5) with a = 0, . . . , 4. By a local Lorentz transformation the components of the vielbein E A M and its inverse can be cast in the form
and 
and
where Γ ρ µν , ω ab µ and ∇ µ are respectively the Levi-Civita connection, the spin connection and the covariant derivative on the five-dimensional base manifold M 5 . Finally, we can also compute an expression for the curvature scalarR appearing in the action (and equation of motion) for the scalar field in six dimensions. Using the expressions in (3.6) we obtainR
where R denotes the curvature scalar of the metric g µν on M 5 . In the expressions above we have introduced the quantity
which from the point of view of the dimensionally reduced theory on M 5 can be interpreted as the field strength of the non-dynamical U(1) gauge field θ µ (x) corresponding to reparametrization invariance along the S 1 of the six-dimensional theory. Consequently, all physical five-dimensional quantities must be invariant under a U(1) gauge transformation θ µ → θ µ + ∂ µ λ, corresponding to coordinate transformation ϕ → ϕ+λ(x) in six dimensions, which generically implies that they can only depend on the gauge invariant field strength F µν .
Decomposition of spinors
The dimensional reduction of the (2, 0) theory will involve the decomposition of spinors and Γ-matrices in six dimensions in terms their five-dimensional counterparts. Since the dimension 2
[d/2] of a Dirac spinor is different in five and six dimensions this decomposition involves, in addition to the split of vector indices described above, a corresponding split of the Lorentz spinor index. We choose a representation of the six-dimensional Clifford algebra in terms of the tensor products involving the five-dimensional γ-matrices as
where ρ 1 and ρ 2 are the first two Pauli matrices. These satisfy ρ 2 i = 1l, ρ † i = ρ i and {ρ i , ρ j } = 2δ ij , for i, j = 1, 2, and consequently furnish a representation of the two-dimensional Euclidean Clifford algebra. We define the chirality operator in two Euclidean dimensions to be 11) where the overall sign is a matter of convention and the particular choice above will prove convenient in what follows. As a basis of two-dimensional spinors we may take the two eigenvectors η ± of ρ, satisfying ρη ± = ±η ± , which can be chosen to be real and orthonormal. The action of the ρ i on these basis vectors is given by
The charge conjugation matrix C (6) and the B (6) matrix are also decomposed as
which together with the decomposition (3.10) is consistent with the conventions for Γ-matrices in 5 + 1 and 4 + 1 dimensions. In the dimensional reduction from six to five dimensions the spinors decompose into tensor products in the same way as the Γ-matrices. Since the spinors Ψ α and E α relevant for the tensor multiplet and its supersymmetry are symplectic MajoranaWeyl, we will restrict considerations to a spinor Λ α in the 4 representation of USp(4) which satisfies the symplectic Majorana condition (2.8) and has a definite chirality ΓΛ α = ±Λ α . With the conventions described in the appendix the chirality operator in six dimensions is Γ = 1l ⊗ ρ. Consequently, the decomposition of Λ α is given by
according to its chirality. Note that we assume the symplectic spinor index α to be carried by the (Lorentz) spinor λ α , which is consistent with the fact that the R-symmetry is unchanged by the dimensional reduction, so that λ α is also in the 4 of USp(4). Furthermore, it is consistent with the five-dimensional spinors satisfying the symplectic Majorana condition
analogous to (2.8), with the above decomposition of the charge conjugation matrix. Thus, (3.14) produces five-dimensional Lorentz spinors with the correct properties under symplectic transformations and complex conjugation.
Maxwell theory in five dimensions
We are now ready to consider the procedure at the heart of the present paper; the dimensional reduction on the S 1 fibre. In this section we consider the reduction of the theory of the free tensor multiplet. It is well known (see e.g. [3] ) that for a direct product of S 1 with five-dimensional Minkowski space, equipped with the product metric, this produces the ordinary maximally supersymmetric N = 4 Maxwell theory in five dimensions at energies that are small compared to the fibre radius. In particular, the coupling is related to the (constant) radius of the S 1 fibre asg = √ r. The R-symmetry of the Maxwell theory is the same as for the (2, 0) theory and the field content is a gauge field A µ with field strength F µν , a scalar φ αβ and a symplectic Majorana spinor ψ α , the latter two transforming in the 5 and 4 representations of USp(4) respectively. The generalization to an arbitrary circle fibration should therefore in the low energy limit produce Maxwell theory with varying coupling strength, additional couplings to the non-dynamical U(1) gauge field θ µ and terms depending on the gradient of the radius r(x). In the case when M 6 allows non-trivial solutions to P M E α = 0 there are unbroken supersymmetries of the (2, 0) theory and the five-dimensional theory should therefore be supersymmetric as well.
Before deriving the complete action of the dimensionally reduced theory we review a consequence of the fact that M 6 is a fibration of S 1 over M 5 and the existence of local coordinates (x µ , ϕ) where ϕ is a periodic coordinate along S 1 . Collectively denoting the dynamical fields of the (2, 0) theory by Ξ, we can perform a Fourier expansion in ϕ
where p is the momentum along S 1 . The different Fourier modes constitute the Kaluza-Klein tower obtained in the reduction. All modes in the tower except the zero mode Ξ 0 acquire a mass, corresponding to the momentum along S 1 . As we will see explicitly below, the curvature of M 6 will in fact introduce mass terms 3 also for the zero momentum Fourier modes. However, we will assume that the zero mode masses are negligible compared to the ones generated by non-zero momentum. Consequently, at sufficiently low energies in the reduced theory, the p = 0 modes cannot be excited and therefore do not contribute to the low energy effective theory on M 5 . The only remaining mode is thus the zero mode and the Fourier series is truncated Ξ(x, ϕ) = Ξ 0 (x). In particular, the fields are therefore independent of the fibre coordinate in the low energy limit that we are concerned with here. In what follows the dependence on the coordinates x µ on M 5 is left implicit. The condition ∂ ϕ Ξ = 0 is not covariant in six dimensions, which is not surprising since the Fourier expansion assumes explicitly the specific choice of local coordinates y M = (x µ , ϕ). In order to obtain fields on M 5 that are suitably normalized it is also possible to rescale the Fourier modes with an arbitrary function of x µ . We will use this freedom below when we consider the reduction of the (2, 0) multiplet in the low energy limit.
The Maxwell action on M 5
We consider first the scalar field Φ αβ of the tensor multiplet. In this case there is an action in six dimensions which can be dimensionally reduced directly to produce the action in five dimensions. Using the freedom to introduce a relative scaling between the fields in five and six dimensions we let
which implies that φ αβ satisfies the same symplectic reality condition (φ αβ ) * = φ αβ as the six-dimensional scalar. Upon insertion in (2.7) and integration along the fibre coordinate (4.2) yields
where we have introduced the quantity
which contains information about the geometry, and in particular the curvature, of the manifold M 6 . The equation of motion for φ αβ that follow from the action (4.3) by construction agrees with the one obtained from dimensional reduction of the equations of motion (2.5) in six dimensions as required.
Moving on to the spinors of the (2, 0) tensor multiplet we use the decomposition discussed in the previous section to write 5) which implies that ψ α satisfies the symplectic Majorana reality condition
Once again we have introduced a rescaling to get canonically normalized spinors in five dimensions. The action (2.11) then yields
when integration over S 1 is performed, which entails the same equations of motion as obtained by dimensional reduction of the corresponding equations (2.9) in six dimensions.
In the case of the tensor H M N P the absence of an action implies that we must consider the equations of motion directly. The three-form H can be decomposed as
In the low energy limit we have ∂ ϕ H M N P = 0 which in particular implies that the coefficients of E µνρ and F µν are independent of ϕ, so that E ∈ Ω 3 (M 5 ) and F ∈ Ω 2 (M 5 ). Dimensional reduction of the equations of motion dH = 0 and H = * G H in six dimensions then yields dE = 0 , dF = 0 (4.9)
where * g denotes the Hodge dual in five dimensions with respect to the metric g and we have taken the liberty to denote the exterior derivative on Ω * (M 5 ) by the same symbol as its six-dimensional counterpart. Using (4.10) we can eliminate 4 E from the theory on M 5 , in which case dE = 0 gives an equation of motion for F . The dimensional reduction of H thus amounts to a two-form field strength F on M 5 satisfying dF = 0 and the equation of motion
This equation of motion can, in contrast to that of H, be integrated to an action functional for the vector potential A of which F = dA is the field strength:
The complete Maxwell theory on M 5 obtained by dimensional reduction is thus described by the action S = S F + S ψ + S φ . (4.13) Introducingg = r(x), in analogy with the case of a direct product manifold M 6 , we see that (4.13) describes a Maxwell theory with a coupling strength that is a function on M 5 as expected. The second part of the S F action is equivalent to the topological term given in equation (5.2) of [11] in the sense that their variations are identical up to boundary terms. Furthermore, the complete action in five dimensions contains mass terms of geometrical origin, as mentioned in the beginning of this section. We see that requiring R, ∂ µ r and F µν to be sufficiently small ensures the consistency of the truncation of the Kaluza-Klein modes. Although the generic features of S were previously known, the precise form of the action has to the best of our knowledge not been computed before.
Conformal invariance
In conventional Maxwell theory with a constant coupling in five dimensions, the fact thatg is dimensionful implies that the theory is not conformally invariant. From the point of view of the reduction on S 1 the constant radius of the circle introduces a length scale that explicitly breaks the scale invariance of the six-dimensional theory. However, in the case of a general circle fibration we are currently considering, the coupling parameter is not restricted to be constant and consequently the conformal symmetry of the (2, 0) theory survives the reduction. From the decomposition (3.1) of the metric we find that the geometric quantities scale according to g µν → e −2σ g µν , r → e −σ r , θ µ → θ µ (4.14)
under a conformal transformation in six dimensions. Here, we restrict considerations to a parameter σ that depends only on the coordinates on M 5 in order to obtain a conformal rescaling of the five-dimensional metric. This rescaling constitutes a generalized conformal symmetry of the Maxwell theory provided that the scalar and spinor fields are correspondingly rescaled according to (4.2) and (4.5) as
From the point of view of the gauge theory on M 5 we must thus treat r and g µν on equal footing, and consequently rescale not only the dynamical fields of the theory but also the coupling strength parameterg. The Maxwell theory obtained in the reduction of the tensor multiplet is of course uniquely determined by the theory in six dimensions, but for the purpose of the considerations in the final section of this paper it is nevertheless interesting to consider the restrictions on an arbitrary gauge theory imposed by requiring the existence of generalized conformal invariance on M 5 . In particular, given the canonically normalized kinetic term for the scalar φ αβ it restricts the terms involving the gradient of the fibre radius and the five-dimensional curvature scalar, since these transform inhomogeneously under rescalings. (The inhomogeneous term produced by the kinetic term for the spinors ψ α is proportional to ψ α γ µ ψ α which vanishes by symmetry.) However, terms involving F µν or F µν are invariant under conformal rescalings and therefore not restricted by this symmetry.
Supersymmetry of the action
We can now restrict our attention to the case when the theory of the (2, 0) tensor multiplet in six dimensions is supersymmetric. As we saw above this amounts to requiring that the manifold M 6 admits non-trivial conformal Killing spinors E α satisfying (2.15). Just as the dynamical fields of the Maxwell theory can be expanded in the periodic ϕ coordinate we can expand E α in a Fourier series as
There is however a significant difference: Being the parameter of supersymmetry transformations E α is not a dynamical field and we can not simply integrate out the modes with non-zero momentum along S 1 . However, acting on a dynamical field with a supersymmetry transformation involving any mode other than the zero mode α 0 changes its mode number. In order to restrict considerations to supersymmetry transformations of the low energy effective theory we must therefore truncate the Fourier series of E α and consider only the zero-mode E α 0 . In this way we obtain the spinor parameter of supersymmetry of the low energy effective theory, which satisfies ∂ ϕ E α = 0. Using the decomposition of spinors described in the previous section we then have
where ∂ ϕ ε α = 0 and according to (3.15)
Dimensional reduction of the conformal Killing spinor equation (2.15) in addition yields the condition
on the five-dimensional spinor parameter ε α . The supersymmetry transformation of the dynamical fields of the Maxwell theory on M 5 are obtained by dimensional reduction of the transformations (2.12), (2.13) and (2.14) in six dimensions, yielding
We note that F and ∇ µ r enter in the supersymmetry variation of F µν and ψ α through the covariant derivative of ε α and the relation (4.19). It is a straightforward but somewhat laborious task to verify that the complete action (4.13) is invariant under the transformations (4.20), (4.21) and (4.22) provided that the supersymmetry parameter ε α satisfies (4.19). (Supersymmetry at the level of the equations of motion in five dimensions is an immediate consequence of supersymmetry in six dimensions.) In analogy to the case for the (2, 0) tensor multiplet, supersymmetry of the action thus imposes a non-trivial geometrical condition on the manifold M 5 , namely the existence of non-trivial solutions to (4.19).
The product metric
In order to verify that the results derived in the present section reproduces the known result for M 6 = M 5 × S 1 with the product metric, we will now consider the case θ µ (x) = 0 and ∂ µ r(x) = 0. In this case we expect to recover ordinary Maxwell theory on M 5 , which we still allow to be arbitrary. From (4.3), (4.7) and (4.12) we find that the action for the case of the product metric reduces to
23) where we have identified the Maxwell coupling constant asg = √ r, which has the appropriate dimension in five dimensions (and in this case is a proper constant). The equations of motion obtained from this action are
The appearance of terms proportional to R is a consequence of the conformal symmetry in six dimensions. Note, however, that as discussed above, the radius r explicitly breaks the scale invariance of the theory on M 5 as long as we consider it to be constant, since this condition eliminates the possibility of rescaling the coupling to compensate for the inhomogeneous transformation of S under simultaneous rescalings (4.14) and (4.15).
As a next step we consider requiring the existence of supersymmetry in the (2, 0) theory with product metric on M 6 → M 5 . The expressions (4.20), (4.21) and (4.22) reduce to the familiar variations of supersymmetric Maxwell theory. Furthermore, the supersymmetry parameter must satisfy (4.19), which for the product metric reduces to
Taking another covariant derivative and antisymmetrizing one obtains ∇ [µ ∇ ν] ε α = 0 which implies R = 0, so that the action (and the corresponding equations of motion) reduces to that of ordinary supersymmetric Maxwell theory on M 5 .
The non-abelian generalization
In the previous sections of this paper we have considered exclusively the free tensor multiplet of (2, 0) theory and the low energy Maxwell theory obtained by its reduction on the S 1 fibre of M 6 . We would now like to extend our scope to consider also the A r ,D r and E r series of (2, 0) [1] in the circle fibration geometry. However, a direct derivation of the low energy theory on M 5 by dimensional reduction is not possible in this case because, unlike the free tensor multiplet, the ADE type (2, 0) theories have no classical field theory description in terms of equations of motion 5 . However, we have some information regarding the low energy theory on M 5 obtained by reduction of the (2, 0) theory associated to a simply laced group G.
Conformal invariance in six dimensions entails generalized conformal invariance, discussed above for the free tensor multiplet, and if M 6 admits non-trivial conformal Killing spinors parametrizing supersymmetry transformations the theory on M 5 will also be supersymmetric. Furthermore, the theory on M 5 should be a theory of gauge fields with gauge group G. In particular, for the case M 6 = M 5 × S 1 with a product metric (i.e. θ µ = 0 and ∂ µ r = 0) the theory on M 5 is supersymmetric Yang-Mills theory with gauge group G 6 . For a generic metric on M 6 it should be coupled to the background U(1) gauge field on M 5 , corresponding to reparametrization invariance of the fibre.
The generalization of the theory described by the action (4.13) thus involves promoting A to the connection of a principal G-bundle over M 5 and φ αβ and ψ α to sections of associated adjoint bundles. The dynamical fields of the theory are consequently A a µ , φ αβ a and ψ α a where we denote by a the index in the adjoint representation of the Lie algebra g of G.
(Since we will not use local Lorentz vector indices on M 5 explicitly in this section this notational overlap will hopefully not cause any confusion.) With anti-hermitian Lie algebra generators we have the standard expressions for the gauge field strength and the covariant derivative of a field χ a in the adjoint representation, given by
where f abc are the structure constants of g. As in the previous sections, the derivative ∇ µ is covariant w.r.t. both general coordinate transformations and local Lorentz transformations. We can then make the action (4.13) gauge invariant by letting all fields transform in the adjoint representation of g, replacing the field strength and derivatives with gauge covariant ones and taking the trace in the adjoint representation, giving
3)
In the same way we also obtain gauge covariant supersymmetry variations
In the special case where M 5 is Minkowski the Yang-Mills theory is maximally supersymmetric.
The condition (4.19) receives no modification since the conformal Killing spinor equation on M 6 is satisfied by the supersymmetry parameter also for non-abelian (2, 0) theory. This is consistent, since ε α and the parameters r and θ µ are all invariant under G gauge transformations.
In order to recover ordinary supersymmetric Yang-Mills theory in the case where
1 with product metric we must add a Yukawa term and a φ 4 term to the action to obtain The above action and supersymmetry variations transform correctly under generalized conformal rescalings and satisfy the appropriate reality conditions. By a straightforward computation (involving some rather lengthy R-symmetry manipulations) one verifies that when M 5 admits non-trivial solutions to (4.19) the action (5.9) is invariant under the modified supersymmetry transformations. Thus, the model described by (5.9) and (5.10) constitutes a generalization of the Maxwell theory, obtained for the free tensor multiplet in the case of a general fibration of S 1 over M 5 , to a non-abelian Yang-Mills theory with varying coupling strength, coupled to a background U(1) gauge field.
Just as in the case of the Maxwell theory, the non-vanishing right hand side of (4.19), which from a five-dimensional point of view depends on the gradient of the coupling strength and the non-dynamical background gauge field, implies that the presence of the terms in (5.10) that depend on θ µ and ∂ µ r is required for supersymmetry of the Yang-Mills theory. For φ αβ and ψ α , the terms in the action depending on ∂ µ r and F µν , required for invariance under generalized conformal rescalings, are quadratic and consequently introduce no novel interactions. (The topological θ-term, however, is quadratic in the non-linear field strength (5.1) and does represent an interaction related to the fibration geometry.) In this sense, the model constitutes the minimal non-abelian extension of the Maxwell theory obtained for the tensor multiplet.
Since we have no field theory description of (2, 0) theory of type ADE it is not possible to verify that (5.9) and (5.10) gives the correct theory on M 5 by explicit computation of the reduction. However, it appears to be difficult to construct other non-abelian gauge theories with all the required properties due to the strong restrictions imposed by generalized conformal symmetry and supersymmetry on M 5 .
Summary and conclusion
In this paper we first considered the dimensional reduction of the theory of a free (2, 0) tensor multiplet on a circle fibration M 6 → M 5 in detail. The low energy effective theory obtained on M 5 is a Maxwell theory describing an abelian gauge field A µ with field strength F µν , a scalar φ αβ and a spinor ψ α , where the latter fields transform respectively in the 5 and 4 of the USp(4) R-symmetry. For a generic metric on M 6 the coupling strength of the Maxwell theory is a function on M 5 given by the square root of the fibre radius r(x). Furthermore, the Lagrangian contains quadratic terms for the scalar and spinor fields and a topological θ-term for the gauge field, related to the local geometry of the fibration M 6 . (In a path integral quantization of the gauge theory on M 5 , the overall normalization of the action is determined by the requirement that the factor in the integrand containing the exponentiation of the topological θ-term be well defined.) The terms are explicitly derived and the result given in (4.3), (4.7) and (4.12).
The equations of motion of the full theory on M 5 can (in contrast to those of the (2, 0) theory on M 6 ) be integrated to an action functional. The action is invariant under generalized conformal rescalings of the metric, dynamical fields and the coupling strength. Furthermore, it is invariant under the supersymmetry transformations (4.20), (4.21) and (4.22), obtained by reduction of the corresponding variations in six dimensions, when M 5 admits non-trivial solutions to (4.19) .
We also considered a non-abelian generalization of the Maxwell gauge theory in order to find the description of the dimensional reduction of ADE type (2, 0) theory on the S 1 fibre of M 6 . We find that gauge covariantizing the abelian theory and including Yukawa and φ 4 interaction terms produces a theory with the required invariance under generalized conformal rescalings on M 5 . As a further consistency check we find that with a quadratic modification of the fermionic supersymmetry transformations the theory is supersymmetric if M 5 admits solutions to (4.19). Finally, in the case of a product metric on M 6 , corresponding to θ µ = 0 and ∂ µ r = 0 for the coupling strength and background gauge field in the five dimensional perspective, the generalization reduces to ordinary supersymmetric Yang-Mills theory. We emphasize that the gauge theory on M 5 is not directly derived from (2, 0) theory on M 6 but constitutes the minimal (in the sense described above) candidate for its reduction on S 1 . As discussed above, supersymmetry of the (2, 0) theory requires the existence of conformal Killing spinors, i.e. non-trivial solutions to (2.15) which in the special case of a circle fibration reduces to (4.19) on the base M 5 . The classification of manifolds of Lorentzian signature admitting conformal Killing spinors has been extensively studied (see e.g. [15] and references therein). It would be interesting to investigate which of these classes contain circle fibrations.
An interesting example of a manifold that does admit conformal Killing spinors (in particular covariantly constant spinors) is discussed in [11] : Let M 6 = R 1,1 ×T N, where T N is the Taub-NUT hyper-Kähler space which admits a U(1) action that preserves its hyper-Kähler structure. However, the U(1) action has a fix-point at the origin of the R 3 underlying the T N and consequently the description of M 6 as a U(1)-fibration becomes singular on W = R 1,1 ×{0}. Over M 5 \W the description of M 6 as a U (1) bundle is valid and the results of the present paper are applicable, but on W the curvature F has a singularity. In particular, this implies that the topological term, which can equivalently be expressed in terms of the Chern-Simons form, transforms anomalously under gauge transformations requiring the introduction of a WZW model localized on W to cancel the anomaly. A natural extension of the present work would be to consider manifolds M 6 with codimension 4 singularities as in the example above and investigate the coupling of the WZW model to the gauge theory on M 5 . We intend to pursue this direction in future work.
During the final preparation of this manuscript [16] appeared, which treats in detail the case of a single M5 brane on M 6 = R 1,2 × S 3 and the reduction on the Hopf fibration. Related results concerning instantons in the five-dimensional gauge theory are presented in [17] .
We also note that this condition is consistent with complex conjugation relating the 4 and4 representations. In the next subsection we will consider a symplectic reality condition for the spinor field Ψ α as well.
A.2 Spinors in 4 + 1 and 5 + 1 dimensions
Next, we consider the spinor representations of the Lorentz group in the dimensions relevant for the considerations of the present paper. We work in Lorentzian signature and use conventions where the flat Minkowski metric is η = diag(−1, 1, . . . , 1). The Clifford algebra in 5+1 and 4+1 dimensions is {γ a , γ b } = 2η ab and {Γ A , Γ B } = 2η AB respectively 7 . The hermiticity properties of the Γ-matrices are given by
The charge conjugation matrix in the respective dimensions is uniquely determined (up to a complex phase) by the relations
giving the symmetry properties of the Γ-matrices. Similarly, complex conjugation of the Γ-matrices is given by where we define the matrices B (5) = C (5) γ 0 and B (6) = C (6) Γ 0 , satisfying BB * = −1l. We will next consider spinors Λ α , in either five or six dimensions, that carry an additional USp(4) spinor index in agreement with the application to (2, 0) theory. The conjugate spinor is defined as .9) and the charge conjugate spinor as
(A.10) (With our conventions the Dirac conjugate is given by (Λ α ) C .) It is not possible in neither 4+1 nor 5+1 dimensions to define ordinary Majorana spinors due to the fact that BB * = −1l. It is, however, possible to make use of the symplectic structure M αβ (described in detail in the previous subsection) to impose a consistent symplectic Majorana reality condition according to
All the spinors we consider will satisfy this condition which implies that we have .12) for the charge conjugate spinors. In the action functionals the spinors appear exclusively as USp(4) invariant bilinears. The symmetry and reality properties of such bilinears can be derived from the defining relations for the charge conjugation matrix and the properties of the symplectic metric M αβ . For our purposes the relevant relations are
for spinors λ α and ψ α in 4 + 1 dimensions and similarly The chirality condition is compatible with (A.11) in six dimensions, admitting symplectic Majorana-Weyl spinors. Finally, we consider the matrices γ 0 , . . . , γ 3 which generate the Clifford algebra in 3 + 1 dimensions. Here we can define a chirality operator similar to the one in six dimensions, which provides the final generator
of the Clifford algebra in 4 + 1 dimensions.
